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Abstract
We show that there are infinitely many periodic orbits in any neighborhood of an isolated M˜-semi-static orbit homoclinic to an
Aubry set for time-periodic positive Lagrangian systems.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
In [2], the authors showed that there are infinitely many homoclinic orbits in any neighborhood of an isolated
M˜-semi-static homoclinic orbit to an Aubry set for time-periodic positive definite Lagrangian systems. In this paper,
we will show that there also are infinitely periodic orbits. Although the method in this paper is similar to the one
used in [2], the result in this paper is new and in its own interest. The result, together with the result in [2], implies
the existence of complicated dynamics near an isolated M˜-semi-static homoclinic orbit. It seems that there are plenty
of homoclinic orbits and periodic orbits of this type in the planar restricted 3-body problem, and we will postpone a
detailed discussion on this topic to a future publication. Since the result is a little technical, the exact statement will
be given at the end of Section 3.
2. A brief introduction to Mather’s theory
Let M be a closed and connected C∞ Riemannian manifold. We assume that a C2-Lagrangian L : TM × R → R
(here TM denotes the tangent bundle of M) satisfies the following conditions introduced by Mather [6,7]: time
1-periodicity, positive definiteness, superlinear growth and completeness.
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action of μ is defined by
A(μ) =
∫
Ldμ,
and the rotation vector ρ(μ) is defined in H1(M,R) such that〈[η]M,ρ(μ)〉=
∫
η dμ − [η]T
for every closed 1-form η on M × T, where [η] = ([η]M, [η]T) ∈ H 1(M × T,R) = H 1(M,R) × R denotes the de
Rham cohomology class of η, and 〈,〉 denotes the canonical pairing between cohomology and homology. The minimal
average action is defined as
β(h) = min{A(μ): ρ(μ) = h}
for h ∈ H1(M,R), where μ ranges over all invariant probability measures with rotation vector h on phase space. The
function β : H1(M,R) → R is convex and has superlinear growth at infinity.
Its convex conjugate α : H 1(M,R) → R is defined by
α(c) = −min
h
{
β(h) − 〈h, c〉},
where h ranges over H1(M,R). This is also a convex function with superlinear growth at infinity.
If η is a 1-form on M ×T, we let ηˆ : TM ×T → R be the function defined by
ηˆ(v, τ ) = 〈v + 1τ , η(m, τ)〉
for m ∈ M,v ∈ TMm, and τ ∈ T, where 1τ denotes the positive unit vector in TTτ (often denoted ∂/∂τ |τ ). We will
say that a closed 1-form η is Mañé critical if [η]T = −α(c).
Let μ be a probability measure on the phase space. If μ is invariant for the Euler–Lagrange flow φt , then∫
(L − ηˆ) dμ = A(μ) − 〈ρ(μ), [η]M 〉− [η]T.
If, in addition, η is Mañé critical, then
min
μ
{∫
(L − ηˆ) dμ
}
= 0,
where μ ranges over all invariant probability measures on phase space. It is equivalent to require that the infimum of
the actions of all absolutely continuous, closed curves associated with Lagrange function L − ηˆ is zero. In this case,
we define
hη
(
(m0, τ0), (m1, τ1)
)= lim
T→+∞
{
inf
γ
b∫
a
(L − ηˆ)(γ (t), γ˙ (t), t)dt : b − a > T
}
for mi ∈ M , τi ∈ T (i = 0,1), where γ ranges over all absolutely continuous curves γ : [a, b] → M such that
a ≡ τ0 (mod 1), b ≡ τ1 (mod 1), γ (a) = m0, and γ (b) = m1. Setting c = [η]M , we let
ρc
(
(m0, τ0), (m1, τ1)
)= hη((m0, τ0), (m1, τ1))+ hη((m1, τ1), (m0, τ0)).
Clearly, ρc((m, τ), (m, τ)) 0 and ρc is a pseudo-metric on
Ac =
{
(m, τ) ∈ M ×T: ρc
(
(m, τ), (m, τ)
)= 0}.
We choose a closed 1-form η on M × T such that [η]M = c and [η]T = −α(c) (so that η is Mañé critical). We
will say that an invariant probability measure μ is c-minimal if it minimizes
∫
(L − ηˆ) dμ over the set of invariant
measures on phase space. In view of the assumption that η is Mañé critical, this means that
∫
(L− ηˆ) dμ = 0. Because∫
(L− ηˆ) dμ = A(μ)−〈ρ(μ), c〉+α(c), the property of being c-minimal depends only on c and not on the choice of
Mañé critical closed 1-form η such that [η]M = c.
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π : TM ×T → M ×T denotes the canonical projection, then π |M˜c is bi-Lipschitz mapping and we setMc = π |M˜c .
We say that a C1 curve γ : R → M is a c-semi-static curve if for any interval [t1, t2] and any absolutely continuous
curve γ1 : [t ′1, t ′2] → M such that t ′1 − t1 ∈ Z, t ′2 − t2 ∈ Z and γ (t1) = γ1(t ′1), γ (t2) = γ1(t ′2), we have
t2∫
t1
(L − ηˆ)(γ (t), γ˙ (t), t)dt 
t ′2∫
t ′1
(L − ηˆ)(γ1(t), γ˙1(t), t)dt,
where η is a Mañé critical closed 1-form on M ×T such that [η]M = c. We let
N˜c =
⋃{(
γ (t), γ˙ (t), t mod 1
)
: γ is a c-semi-static curve and t ∈ R},
called Mañé set. We set Nc = π(N˜c).
Let γ : R → M be a c-semi-static curve. Let α and α′ be in the α-limit set of γ , ω and ω′ be in the ω-limit set of γ .
Then ρc(α,α′) = ρc(ω,ω′) = 0 and ρc(α,ω) = ρc(ω′,ω′). If ρc(α,ω) = 0, we say that γ is a c-static curve. We let
A˜c =⋃{(γ (t), γ˙ (t), t mod 1): γ is a c-static curve and t ∈ R}, called Aubry set and π(A˜c) =Ac.
In this paragraph, 0 denotes the 0-cohomology class in H 1(M,R). To simplify the notation, we use M˜, A˜ and N˜
to denote M˜0, A˜0 and N˜0, respectively. Accordingly, we useM, A and N denoteM0, A0 and N0, respectively.
Throughout this paper, we will assume that M˜ is uniquely ergodic, i.e., there is only one invariant measure sup-
ported in M˜. This is a generic (in the sense of Mañé) condition as Mañé showed in [4]. Under this condition, N˜ = A˜.
We may assume β(0) = α(0) = 0 since we may always add a constant on or subtract a closed 1-form from La-
grangian L.
3. Statement of result
Now we assume that H1(M × T,A,R) 	= 0, here H1(M × T,A,R) is the ˇCech homology group [8], defined as
the inverse limit limA⊂U H1(M ×T,U,R), where U is an open neighborhood of A in M ×T.
We let M˜ be the covering space of M defined by
π1(M˜) = Ker
(H : π1(M) → H1(M,R)),
where H denotes the Hurewicz map [8]. Let π : M˜ → M be the projection and the Deck transformation group is
Hˆ1(M,Z) = Im
(H : π1(M) → H1(M,R)).
Still let π : M˜ ×R → M ×T be the corresponding covering with transformation group
H = Hˆ1(M ×T,Z) = Hˆ1(M,Z) ×Z.
Let K = i∗(Hˆ1(U,Z)) ⊂ H and H/K = G(U). So G is a free group and G is nontrivial if we choose connected
neighborhood U sufficiently small. Here, and in the following, we will fix a small neighborhood U of A such that G
is nontrivial. By the theory of coverings (see, for example, [8]), we know that π−1(U) ⊂ M˜ × R is not connected.
Moreover, the connected components of π−1(U) are in one-to-one correspondence with the elements of the group G.
If (γ (t), γ˙ (t), t) is a homoclinic orbit, then there exists t0 > 0 such that (γ (t), t mod 1) ⊂ U when |t | > t0. So
(γ (t), t)|[−t0,t0] determine an element [γ ] in G.
A curve γ : R → M is an M˜-semi-static curve if the lift of γ to M˜ , denoted by γ˜ , is a semi-static curve in M˜ .
In [2,3], the authors proved the existence of M˜-semi-static homoclinic orbits under the assumptions that Mather set is
uniquely ergodic and H1(M ×T,A,R) 	= 0.
Let
hT
(
(m0, τ0), (m1, τ1)
)= inf
γ
b∫
L
(
γ (t), γ˙ (t), t
)
dta
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a ≡ τ0 (mod 1), b ≡ τ1 (mod 1), γ (a) = m0, γ (b) = m1 and b − a = T . Let
h∞
(
(m0, τ0), (m1, τ1)
)= lim inf
T→∞ hT
(
(m0, τ0), (m1, τ1)
)
.
Let (γ (t), γ˙ (t), t) be an M˜-semi-static homoclinic orbit to A˜ and [γ ] = g. Clearly, (γ (t), t mod 1) ∩ A = ∅.
Choose τ0, ι0 such that (γ (t), t mod 1) ⊂ U whenever t < τ0 or t > ι0. Assume that γ is isolated, i.e., there exist a
small open neighborhood Vτ of (γ (τ ), τ0) in M × τ (τ = τ0 mod 1) with Vτ ⊂ U |t=τ and Vτ ∩A|t=τ = ∅ and a small
open neighborhood Vι of (γ (ι), ι0) in M × ι (ι = ι0 mod 1) with Vι ⊂ U |t=ι and Vι ∩ A|t=ι = ∅ such that for any
(x, τ ) ∈ Vτ/{(γ (τ ), τ )} or (y, ι) ∈ Vι/{γ (ι), ι)}, we have
h∞
(
(x′,0), (x, τ )
)+ Ag((x, τ ), (y, ι))+ h∞((y, ι), (x′,0))− hg > 0, (1)
where x′ ∈M|t=0;
Ag
(
(x, τ ), (y, ι)
)= inf
ι0∫
τ0
L
(
γ (t), γ˙ (t), t
)
dt,
here γ ranges over all absolutely continuous curves γ : [τ0, ι0] → M such that γ ranges over all absolutely continuous
curves γ : [a, b] → M such that γ (τ0) = x, γ (ι0) = y and [γ ] = g;
hg = lim inf
T→∞
{
inf
T∫
0
L
(
γ (t), γ˙ (t), t
)
dt
}
,
here γ ranges over all absolutely continuous curves γ : [0, T ] → M , γ (0) = γ (T ) ∈M|t=0, T ∈ Z+ and [γ ] = g.
Note that the left side of (1) does not depend on the choice of x′ inM|t=0. Here, and subsequently, x′ always lies in
M|t=0. Clearly, Ag is continuous on Vτ × Vι. Consequently, we can assume that there exists a constant δ > 0 such
that (x, τ0) ∈ ∂Vo or (y, ι0) ∈ ∂V (throughout this paper, ∂ denotes the boundary of a point set) implies
h∞
(
(x′,0), (x, τ )
)+ Ag((x, τ ), (y, ι))+ h∞((y, ι), (x′,0))− hg  δ. (2)
The main result of this paper is
Theorem 1. Assume that M˜ is uniquely ergodic and H1(M ×T,A,R) 	= 0. Let (γ (t), γ˙ (t), t) be an isolated M˜-semi-
static homoclinic orbit to A˜, [γ ] = g, then for all 1  n ∈ Z+, there exist infinitely many periodic orbits
(γ ∗(t), γ˙ ∗(t), t) with [γ ∗] = ng.
The theorem shows that there are infinitely many periodic orbits in any neighborhood of the isolated M˜-semi-static
homoclinic orbit. To the best of the author’s knowledge, the following problem is still open:
Open problem. Does the system have positive topological entropy if there exists an isolated M˜-semi-static homoclinic
orbit? More precisely, can we construct an invariant subset near this isolated M˜-semi-static homoclinic orbit such that
the invariant subset is semi-conjugate to a Bernoulli shift?
4. Proof of the main result
For any 1 n ∈ Z+, define Πn = {(Vτ ,Vι)}ni=1. We denote an element((
(x1, τ ), (y1, ι)
)
, . . . ,
(
(xn, τ ), (yn, ι)
))
of Πn by {((xi, τ ), (yi, ι))}ni=1. We say that {((xi, τ ), (yi, ι))}ni=1 is on the boundary of Πn if there exists at least one
(xi, τ ) ∈ ∂Vτ or (yi, ι) ∈ ∂Vι. If {((xi, τ ), (yi, ι))}ni=1 is not on the boundary of Πn, we say it in the interior of Πn.
For convenience of the notation, we let xn+1 = x1. Let us define a function JT on the set Πn by
JT
({(
(xi, τ ), (yi, ι)
)}n
i=1
)= n∑Ag((xi, τ ), (yi, ι))+ n∑hT ((yi, ι), (xi+1, τ )).i=1 i=1
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when T  2. Ag((xi, τ ), (yi, ι)) is a uniformly continuous function on (Vτ ,Vι). Consequently, JT can reach its mini-
mum on Πn for all Z+  T  2.
For the proof of our main theorem, we need the following lemma:
Lemma 1. For any yi, xi+1 ∈ M , x ∈A|t=0,
h∞
(
(yi, ι), (xi+1, τ )
)= h∞((yi, ι), (x,0))+ h∞((x,0), (xi+1, τ )).
Proof. Choose a sequence of integers Tk → ∞ such that
τ+Tk∫
ι
L
(
γk(t), γ˙k(t), t
)
dt → h∞
(
(yi, ι), (xi+1, τ )
)
,
where γk : [ι, τ + Tk] → M is the C1 curve with γk(ι) = yi, γk(τ + Tk) = xi+1 and
τ+Tk∫
ι
L
(
γk(t), γ˙k(t), t
)
dt = hTk
(
(yi, ι), (xi+1, τ )
)
.
We can choose T ′k  Tk such that γk(T ′k) →M|t=0 when Tk → ∞. Since M˜ is uniquely ergodic,
h∞
(
(y,0), (x,0)
)+ h∞((x,0), (y,0))= 0,
whenever y ∈A|t=0. Then
h∞
(
(yi, ι), (xi+1, τ )
)
 h∞
(
(yi, ι), (x,0)
)+ h∞((x,0), (xi+1, τ ))

T ′k∫
ι
L
(
γk(t), γ˙k(t), t
)
dt + h∞
((
γk(T
′
k),0
)
, (x,0)
)+ h∞((x,0), (γk(T ′k),0))
+
τ+Tk∫
T ′k
L
(
γk(t), γ˙k(t), t
)
dt
→ h∞
(
(yi, ι), (xi+1, τ )
)
.
This yields the lemma. 
We claim:
Lemma 2. There exist infinitely many positive integers T such that JT can reach its minimum in the interior of Πn.
Proof. As discussed above, there exists a sequence {Tk} ∈ Z+ such that
JTk
({((
γ (τ), τ
)
,
(
γ (ι), ι
))}n
i=1
)→ nhg.
Consequently, there exists a N1, such that when {Tk}  T N1, we have∣∣JT ({((γ (τ), τ), (γ (ι), ι))}ni=1)− nhg∣∣< δ/2. (3)
By the compactness of Vτ and Vι, together with the Lipschitz property of hT and h∞ (the Lipschitz constant of hT
does not depend on T  2), there exists a N2 such that for all {Tk}  T N2 and for any (xi, τ ) ∈ Vτ , (yi, ι) ∈ Vι,
hT
(
(yi, τ ), (xi, ι)
)− h∞((yi, τ ), (xi, ι))> −δ/3n. (4)
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{((xi, τ ), (yi, ι))}ni=1 on the boundary of Πn,
JT
({(
(xi, τ ), (yi, ι)
)}n
i=1
)
> JT
({((
γ (τ), τ
)
,
(
γ (ι), ι
))}n
i=1
)
.
In fact,
JT
({(
(xi, τ ), (yi, ι)
)}n
i=1
)
=
n∑
i=1
Ag
(
(xi, τ ), (yi, ι)
)+ n∑
i=1
hT
(
(yi, ι), (xi+1, τ )
)
>
n∑
i=1
Ag
(
(xi, τ ), (yi, ι)
)+ n∑
i=1
h∞
(
(yi, ι), (xi+1, τ )
)− δ/3
> nhg + 2δ/3
> JT
({(
γ (τ), τ
)
,
(
γ (ι), ι
)}n
i=1
)+ δ/6,
here, the first inequality follows from inequality (4), the second inequality follows from inequality (2), and the third
inequality follows from inequality (3). This proves Lemma 2. 
We continue the proof of our main theorem. As we have shown that JT reaches its minimum in the interior of Πn.
Assume that {((xi, τ ), (yi, ι))}ni=1 is a minimal point of JT in the interior of Πn. Let χi be the C1 curve with χi(ι) = yi ,
χi(τ + T ) = xi+1 and
∫ τ+T
ι
L(χi(t), χ˙i(t), t) dt = hT ((yi, ι), (xi+1, τ )); σi be the C1 curve with σ(τ0) = xi ,
σ(ι0) = yi ,
∫ ι0
τ0
L(σi(t), σ˙i (t), t) dt = Ag((xi, τ ), (yi, ι)) and [σi] = g. By the standard variation argument, we know
that
γ ∗ := σ1 ◦ χ1 ◦ · · · ◦ σn ◦ χn
is indeed a C1 closed curve, here ◦ denotes the concatenation of the curves. Clearly, [γ ∗] = ng. So (γ ∗(t), γ˙ ∗(t), t)
is the required periodic orbit and Theorem 1 follows immediately.
5. An example
Although the proof of the main result has been completed, we will give an example in this section. I think it would
be helpful for the reader to visualize exactly what sort of periodic orbits are constructed in this paper.
Example. We consider the case when M = S1. In this case, TM is the cylinder. It is well known if ρ(μ) is ratio-
nal, here μ is the minimal measure, then μ is supported on a periodic orbit generically [4,5]. Hence there exists a
compact interval I (with nonempty interior) such that μ is c-minimal when c ∈ I ⊂ H 1(M,R) (≈ R). Without loss
of generality, we may assume that 0 lies in interior of I . Then Aubry set A˜ (associated to the 0-cohomology class)
is a periodic orbit. Hence, H1(M × T,A,R) is nonzero. By [3], there exist at least two M˜-semi-static homoclinic
orbits to A˜ and one lies in A˜c1 , and the other lies in A˜c2 , here c1, c2 are two endpoints of interval I . Assume that
c1 > 0, c2 < 0. Assume that A˜ is hyperbolic and that the unstable manifold and the stable manifold of A˜ intersect
transversely, then these two M˜-semi-static homoclinic orbits are isolated [1]. Hence, by the main result of this paper,
for any N ∈ H 1(M,Z) (≈ Z) and N  1, there exists infinitely many periodic orbits in the homology class N near
the M˜-semi-static homoclinic orbits in A˜c1 . And similarly, for any N ∈ H 1(M,Z) (≈ Z) and N  −1, there exists
infinitely many periodic orbits in the homology class N near the M˜-semi-static homoclinic orbits in A˜c2 . This fact
can also be visualized by the existence of Smale’s horseshoe. When A˜ is a non-hyperbolic periodic orbit, there is still
similar phenomenon as long as we replace hypothesis of the transverse intersection of the stable manifold and the
unstable manifold by the hypothesis that the M˜-semi-static homoclinic orbit is isolated, following the main result of
this paper.
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